Abstract. A level set formulation for the motion of faceted interfaces is presented. The evolving surface of a crystal is represented as the zero level of a phase function. The crystal is identi ed by its orientation and facet speeds. Accuracy is tested on a single crystal by comparison with the exact evolution. The method is extended to study the evolution of a polycrystal. Numerical examples in 2D and 3D are presented.
Introduction. It is well established that under certain conditions gases and
liquids solidify into faceted crystals. By faceted we mean that the surface is piecewise at. The evolution of the crystal is often described by the motion of its surface, which is uniquely determined once its normal velocity, v n , is known. In general v n may depend on a wide variety of parameters such as orientation, curvature, adatom concentration, and temperature. In some situations the growth depends only on the orientation of the facets. This called is the van der Drift model 1, 2, 3] . In other situations the growth is controlled by curvature. For faceted crystals the curvature e ects can be modeled by using crystalline curvature; for more details see Taylor 4, 5] . An example where the speed of the surface only depends on the orientation of the facets is given to a good approximation by diamonds grown by chemical vapor deposition. The (111) and (100) planes can grow at di erent speeds. The speed ratio determines the characteristics of the surface of the nal crystal.
In this work we shall consider the situation where v n depends only on orientation and the evolution of the interface is determined from _ x = (n)n: (1.1) If the function (n) is smooth and convex, then an initially smooth curve remains smooth. If (n) is not convex, then singularities will develop on the surface. For detailed explanations of these phenomena, see 6, 7] . In physical situations the formation of facets is observed. In particular, Wul and Frank studied the asymptotic shape of a crystal, subject to a given (n) law of motion 26] . Wul proposed a method to predict the shape. This method amounts to using the inner convex hull of (n) or equivalently the Legendre transformation of (n). This shape is called the Wul shape. Frank 10] proposed a di erent construction which gives the same answer. These constructions are well explained in Refs. 6, 7, 14] .
Wettlaufer, Jackson and Elbaum devised a Lagrangian numerical method to evolve a faceted seed which gives the correct Wul shape 25]. A level set method based on Eq. (1.1) has been proposed by Osher and Merriman, see 13] . In their formulation the interface is taken to be the zero-level set of a continuous function. A similar formulation has been used by Taylor, Cahn, and Handwerker (consult 6, 7] ). Existence and uniqueness of such an equation are obtained in the framework of viscosity solutions for Hamilton-Jacobi equations. Using this formulation, under general assumptions, Osher and Merriman were able to prove that an initial interface asymptotically approaches the Wul shape associated to the (n) law 13]. Earlier, Soravia 21] proved this result by a di erent approach. More recently Peng, Osher, Merriman, & Zhao 14] used a numerical scheme based on this formulation to evolve an interface towards the Wul shape. They also explored the connection between motion of faceted interfaces and motion of shocks for conservation laws. Another approach similar in spirit to the level set approach is based on phase eld methods. There have been a number of interesting papers on the evolution of faceted interfaces in this context, see for example 22, 23, 11, 9] .
To use the formulation given by (1.2) for interface evolution, one needs to provide an initial shape and a (n) law for all directions n. On the other hand, in many practical cases, the Wul shape is a fully faceted surface. In this case the Wul shape is determined by the speeds of the facets, and the speeds in other directions are irrelevant to the dynamics, once the crystal is completely faceted. Thus, in the case of fully faceted crystal having a speed law for all directions is something of a mathematical convenience. In experimental situations only the speed of each facet can be measured, therefore to use the framework given by Eq. (1.2) one must nd a (n) (which is not unique) for all angles such that its Wul shape agrees with experimental measurements. This is relatively simple task for regular polyhedra in 2D but it does not seem so simple in 3D.
In this paper we propose an alternate level set approach for the numerical computation of completely faceted crystals. This method only requires the velocity of each facet. In some sense the method automatically nds a (n) which has the correct Wul shape. As we shall see our approach is very closely connected with the work found in 13] and 14] and in fact it should be viewed as an extension of that work. In addition we also explore the evolution of polycrystals; each seed has its own level set function corresponding to the crystal orientation. When the crystals touch they do not merge but instead a grain boundary is formed.
2. Facet Evolution. Each facet has a plane associated with it. The plane moves with a given normal speed, which may be di erent for di erent facets. The boundary of the facets are determined by the intersection of the planes. The 2D evolution near a corner is shown in Fig. 2 .1. If we use a level set method where the normal speed is a simple interpolation between the two normal speeds, then the corners would be rounded (in particular, they would be arc of a circle if the two speeds are the same), as is shown in Fig. 2.2 . In order to keep at facets and sharp corners, we make the following observation. The evolution of a smooth curve depends only on the normal speed, and the addition of a tangential component has the e ect of just changing the parameterization of the curve. We evolve the front with a velocity that has a component tangential to the facet, and is directed towards the corner. With a proper tangential velocity (which can be determined by the construction in Fig. 2.1 ) the facets will evolve maintaining sharp corners. For example, for v 1 = v 2 and a square corner, the necessary tangential velocity which has to be added on both sides of the corner is v 1 . Note that this is a lower bound for the tangential velocity. In fact, if we move the points with a tangential velocity which is greater than this value, then the evolution of the interface will be the same. The addition of the tangential velocity causes the characteristics to collide; the solution does not become multi-valued because we will use standard techniques for viscosity solutions to the Hamilton-Jacobi equation. This causes a shock to form and the corner stays sharp (see Fig. 2.3 ). Note that the velocity that we add is tangential to the facet, not to the interface. This has the e ect of modifying the normal component of the interface if the latter is not aligned along a facet. In this respect the method can be viewed as a technique to construct a proper normal velocity law (n), given the facet speeds.
Computation of the tangential velocity.
In the approach that we use, the speed of each facet must be speci ed. The crystal will have M facets, with normals at a given point to the interface, which will be denoted by .
In order to compute the proper velocity of the surface at a given point, we rst select the facet which is closest in direction to n, i.e. for which n m is maximum, k = arg max m n m :
Next we de ne the following velocity v = w k n + u ;
and u is the tangential speed, that will be speci ed below. The parameter " in the denominator is a numerical parameter which ensures that vanishes smoothly when the numerator vanishes.
Simple geometric considerations show that at a corner between two facets, the tangential speed that must be added to keep the corner sharp satis es the following relation (see For a faceted interface, = 0, because n = k , and the face will evolve with the standard normal speed. On the other hand, if we evolve the whole interface with When the corners become slightly rounded, then becomes directed towards the corner, and the surface will move with a velocity that will try to keep the corners sharp. The e ect of formula (2.2) is illustrated in gure (2.5). By choosing a small value for ", the vector is basically a unit vector, whenever n is not aligned with the facets. Neglecting ", the normal velocity of our model is given by (n) = w k + u p 1 ? (n k ) 2 :
(2.5) It is essential that the law provides the correct Wul shape. We conjecture that Our next example consists of a seed with four facets with the same normals as in the previous example, but with speeds w = 2; 1; 2; 1. In Fig. 2.7 we have shown the polar plot of (n) (2.5), with u = 2:2 (in this case u = 2), together with its Wul shape. We remark that the transient evolution of a smooth initial surface rests on the detailed dependence of v n on n, but two (n) which have the same Wul shape will
give identical evolution laws for fully faceted crystals. In this respect, no particular physical meaning is attached to expression (2.5): it is just a technique to compute the correct evolution law of faceted interfaces. Note that the function (2.5) is not necessarily continuous, as we have seen in the above example. However this is not a problem for computation, as we shall see later in the paper. another crystal, forming a grain boundary. Once formed, a grain boundary moves on a much longer time scale. In our model we shall assume that grain boundaries do not move.
3. Level Set Framework. In the level set approach for a single crystal we introduce a continuous function (x; t), such that the crystal interface is given by = fxj (x; t) = 0g:
Thus we see that the zero level set of is the interface; furthermore, we take < 0 inside the crystal, and > 0 outside. The unit normal on the interface is given by n = r jr j evaluated at = 0. The velocity of the interface is given by v = w k n + u = w k r jr j + u r ? ( k r ) k (jr ? ( k r ) k j 2 +" 2 ) 1=2 ; (3.2) where" = "jr j, and k(x; t) = arg max m m r . This expression, when evaluated at = 0, gives the same velocity de ned in the previous section. We note that this velocity eld is de ned in the whole region , and therefore it can be used to evolve the phase according to the equation: @ @t + v r = 0:
With this evolution law, the zero level set of (x; t) will describe the evolution of the interface.
At time t = 0, the phase function is initialized so that (x; 0) is continuous, and The method developed here presents some resemblance to the method of articial compression of Harten 8] . In that case, the characteristic velocities across a discontinuity are arti cially altered in order to make the discontinuities sharper. min(h; 0) denotes the negative part. We remark that this latter method is very similar in spirit to the method used by Peng et al 14] and it may be viewed as an automatic way to compute (n) (see 13, 14] i;j (`) = n i;j (`) ? n i;j tF i;j g; where n i;j (`) = `( x i ; y j ; t n ). n+1 i;j (`) is computed from i;j (`) once it has been determined whether or not grain boundary has formed. This is done in two steps explained below.
Step 1 -Computation of . When two phases meet, then they stop moving. This is obtained computationally as follows: Phases are said to overlap at grid point (i; j) if i;j (`1) 0 and i;j (`2) 0 for any pair (`1;`2),`1 6 =`2.
Step 2 -Computation of Grain Boundary. When two phases meet, to ensure that the phases do not pass through each other we compute the new phase as follows In the second example we return to the situation described in x3 where is plotted in Fig. 2.7 . In this case the Wul shape is a rectangle and is a discontinuous function of n. Nevertheless we see that our method provides the correct solution (see Fig. 6 .2). The computation is performed using Method 2.
As a third example we consider the growth of an octagonal seed, for various values of the speed ratio v 11 =v 10 . For speed ratio between 1= In the next test we consider the evolution of di erent seeds corresponding to the same crystal. In this case the crystal has eight facets, and the speeds are all the same. The Wul shape is a regular octagon. According to theory, the shape of the crystal approaches the Wul shape asymptotically in time (see, for example 13]). In Fig. 6.4 we show the evolution of a smooth nonconvex irregular seed obtained with the two methods. The speeds of the facets are all 1.0 and the tangential speed u is 0.45. The gure shows that the two methods give essentially the same result, which is in agreement with theory.
There is a small problem with Method 1, however. This occurs when the magnitude of the tangential velocity, u, is too large and the initial seed is not faceted and convex. This drawback is displayed in Fig. 6 .5 where we show results of both methods when the magnitude of the tangential velocity is u = 1. It is clear that with Method 1 the solution is not approaching the Wul shape whereas the solution computed with Method 2 is. We suspect the reason for this is that Method 1 is not a monotone scheme. For this reason we use Method 2 in all subsequent calculations. It is well known that the viscosity solutions to Hamilton-Jacobi equation are unique. Monotone schemes are known to produce numerical solutions that converge to the viscosity solutions. Lack of monotonicity may result in convergence to a solution that is not a viscosity solution.
The next tests are devoted to the evolution of several seeds and formation of grain boundaries. In Fig. 6.6 we show several examples of grain boundary formation. The rst picture shows the evolution of two square seeds, corresponding to a crystal with four facets, all with the same speed. The lines represent the crystal surface at di erent times. In the second picture, the evolution of the surface corresponding to isotropic grow is shown. The initial seeds are small circles, with the same radius. They grow isotropically with the same speed. The grain boundaries in this case form the Voronoi diagram associated to the center of the seeds. In the third picture we show how the method can be used to study the formation of a polycrystal. In this case the Wul shape of the crystal is a regular hexagon. All the crystals start with a small seed randomly placed in the plane, and with random orientation. In the last picture only the seeds and the nal grain boundaries are shown.
A similar situation was examined by Kobayashi, Warren, and Carter 19] using a vector valued phase eld model. They studied the growth of a large number of seeds. Their model not only captured their dynamics of the growth of the seeds but also of the resulting grain boundaries. In addition their model allows the inclusion a large number of physical e ects. In a related study Chen and Yang 20] use a set of Ginzburg-Landau equations to model the evolution of grain boundaries. They observe that the microstructure coarsens.
A more realistic model of crystal growth should specify the law according to which the initial seeds are created. When spontaneous nucleation is neglected, and when the fraction of impurities of the material is low enough, a reasonable model consists in placing a certain number of initial seeds near one of the boundaries, and then let them grow. A two dimensional simulation of such a growth is shown in Fig. 6 .7. In this case a certain number of seeds corresponding to hexagonal crystals are initially placed near the bottom. When two phases meet, the grain boundary evolves at the intersection of the two phases. There is an analogy between grain boundary and shocks. The evolution of the grain boundary is the same of the evolution of a shock formed by the intersection of two characteristics aligned along the normal to the surfaces `. If all the propagation speeds are the same, then the direction of the growth is aligned along the bisector of the angle formed by the two phases. When two grain boundaries meet, they merge into one. Because of the merging and of their geometric property, a \natural selection" takes place as the crystal grows and only the seeds which allow grain boundaries aligned with the direction of growth will survive. This corresponds to seeds whose corners are oriented near the direction of growth (see Fig. 6.7) .
This problem has been studied using a vertex tracking approach by Paritosh et al. 2] . They study in detail the coarsening phenomena and compute various statistical properties of the evolving microstructure. In particular they show that the number of grains scales like t ?1=2 . In addition, Thijssen et al. 24 ] and Kolmogorov 12] have studied this problem theoretically and predicted the observed scaling. The vertex tracking algorithm is extremely di cult to implement in three dimensions whereas our level set approach is very easy to extend to three dimensions.
3D tests. Next we consider crystal growth in three dimensions. First we consider the evolution of a single crystal with 14 facets. Six facets (face-facets) are aligned along the faces of a cube, and eight facets (corner-facets) have a normal which is oriented according to the corners of the cube. The facets evolve with two speeds of propagation: v 100 is the propagation speed for the face-facets and v 111 is the propagation speed for the eight corner-facets. The asymptotic shape of a crystal is determined by a single parameter, which is the ratio between the two speeds, = v 111 =v 100 . If 1= p 3 then the Wul shape of the crystal is a regular octahedron, if p 3, then the Wul shape is a cube, and for intermediate values of the parameter, the asymptotic shape of the crystal is a 14-facet crystal, the relative size of the facets depending on . The results of the computation for three di erent values of are reported in Fig. 6.8 .
Finally, we consider the growth of several crystals in three dimensions. As in the two dimensional case, when two crystals meet, then their growth stops, and a grain boundary is formed. In the next set of gures (Figs. 6.9 to 6.12) we show the evolution of eighteen seeds. The crystals are 14-facet crystals with v 111 =v 100 = 1. The picture shows the zero level of the phases, without making any distinction among them. Here we also see coarsening.
7. Conclusions and Future Directions. In this paper we have presented a method to evolve faceted interfaces. The scheme is quite simple and robust, and can be used for two dimensional and three dimensional computations. The method is able to evolve single crystals, as well as polycrystals. The e ectiveness of the scheme is shown through several numerical examples. At this stage the method is not very e cient when several crystals are present, both for cpu time and memory consumption. This is because all the phases are de ned in the whole computational domain. More e cient schemes, based on narrow band level set methods, are presently under construction. The new schemes should be one order of magnitude more e cient in the cpu time, and two orders of magnitude more e cient in terms of memory usage. We have included a preliminary computation of a polycrystal where the single crystal has a needle-shaped Wul shape. This crystal has 6 facets on the long part and the top and bottom have 6 facets each. The normal speed of the top and bottom facets is 1 whereas the normal speed of the side facets is 0.2. The initial condition is shown in Fig. 6.13 . Here the seeds are like faceted spheres. As the polycrystal evolves the needle shape emerges as shown in Fig. 6 .14. This computation was done with a 200 200 200 mesh using our narrow band method. This would have been almost impossible with our previous method due to time and memory constraints. 
